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ABSTRACT
Context. The dependence of the luminosity distance on the redshift has a key importance in the cosmology. This
dependence can well be given by standard functions for the zero cosmological constant.
Aims. The purpose of this article is to present such a relation also for the non-zero cosmological constant, if the universe
is spatially flat.
Methods. A definite integral is used.
Results. The integration ends in the elliptic integral of the first kind.
Conclusions. The result shows that no numerical integration is needed for the non-zero cosmological constant, if the
universe is spatially flat.
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1. Introduction
The dependence of the luminosity distance dL(z) on the
redshift z is a key formula in cosmology (Carroll et al.
1992). It is given by three independent cosmological param-
eters: by two omega-parametersΩM , ΩΛ and by the Hubble
constant H0. Its relation to the so called "proper-motion
distance" is given by dPM (z)(1 + z) = dL(z) (Weinberg
1972).
One has (Carroll et al. 1992):
dPM (z) =
c
H0
√
|Ωk|
×
sinn
{√
|Ωk|
∫ z
0
dz′√
(1 + z′)2(1 + ΩMz′)− z′(2 + z′)ΩΛ
}
.
(1)
In this equation c is the speed of light in vacuum, and it
holds Ωk + ΩM + ΩΛ = 1. The notation "sinn" means the
standard function sinh for Ωk > 0, and sin for Ωk < 0,
respectively. If Ωk = 0, then one simply has an integration:
H0dPM (z)
c
=
∫ z
0
dz′√
(1 + z′)2(1 + ΩMz′)− z′(2 + z′)ΩΛ
.
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(2)
In addition, from the physical point of view, in both
equations it must be ΩM > 0. (The case ΩM = 0 can
serve as a limit, but ΩM < 0 is fully unphysical.) On the
other hand, ΩΛ can have both signs, but the observations
of the last two decades strongly disfavour negative values
(see, e.g., Perrett et al. (2012) and the references therein).
In the special case of ΩΛ = 0 the integral in Eq.(1) can
be given by the so-called Mattig-formula (Mattig 1958) for
any ΩM > 0. The formula can then well be used in cosmo-
logical applications (see, e.g., Mészáros (2002)). For ΩΛ 6= 0
the integral in Eqs.(1,2) is usually solved numerically1.
In this note we show that the integral on the right-hand-
side of Eq.(2) can be solved analytically also for ΩΛ 6= 0.
2. The integration
We rewrite the right-hand side of Eq.(2) into the form
H0dPM (z0)
c
= I(ΩM , z0) =
∫ z0
0
dz√
(1 + z)3ΩM +ΩΛ
, (3)
where z ≥ 0, ΩM > 0 and ΩM + ΩΛ = 1. Introducing the
substitution x = (1 + z)−1, we obtain
I(ΩM , x0) =
∫ 1
x0
dx√
x
√
ΩM +ΩΛx3
, (4)
1 See, cf., http://www.astro.ucla.edu/∼wright/cosmolog.htm
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where 0 < x0 = (1 + z0)
−1 ≤ 1.
In this section we consider only the case ΩM < 1, i.e.
ΩΛ = 1 − ΩM > 0. Introducing a further substitution
y = (ΩΛ/ΩM )
1/3x, we obtain
I(ΩM , x0) =
1
Ω
1/3
M Ω
1/6
Λ
∫ y2
y1
dy
√
y
√
1 + y3
, (5)
where y1 = (ΩΛ/ΩM )
1/3x0 and y2 = (ΩΛ/ΩM )
1/3. The
two limits are non-negative with y1 ≤ y2.
We try to find the primitive function for∫
dy
√
y
√
1 + y3
, (6)
where y ≥ 0. The following substitution helps:
α = arccos
(
1 + (1−√3)y
1 + (1 +
√
3)y
)
. (7)
There is a one-to-one correspondence between α and y.
For y = 0 one has α = 0, and for y → ∞ one has
α∞ → arccos((1 −
√
3)/(1 +
√
3)), i.e. α∞ = 105.54◦. If y
increases in the interval [0,∞), α is also increasing in the
interval [0, α∞). Hence, this substitution is well-defined.
Conversely, one obtains
y =
1− cosα
(
√
3− 1) + (√3 + 1) cosα (8)
and
dy =
2
√
3 sinα dα
[
√
3(1 + cosα)− (1− cosα)]2 . (9)
Using these two formulas, we curiously obtain
dy
√
y
√
1 + y3
=
dα
31/4
√
1− 2+
√
3
4
sin2 α
. (10)
The right-hand side of Eq.(10) is the function in the
elliptic integral of the first kind (Gradshteyn et al. 2007)
with
m =
2 +
√
3
4
, (11)
where 0 < m < 1, as it should be in an elliptic integral.
In order to calculate the definite integral∫ y2
y1
dy
√
y
√
1 + y3
(12)
in Eq.(5) for non-negative y1 ≤ y2 one can write∫ y2
y1
dy
√
y
√
1 + y3
=
∫ y2
0
dy
√
y
√
1 + y3
−
∫ y1
0
dy
√
y
√
1 + y3
.
(13)
After this one should use the formula with α from Eq.(10)
and determine the integration limits in variable α. The
substitution from Eq.(7) gives for y = 0 the value α = 0.
This means that - using α - the lower limits in both definite
integrals are zeros. The upper limits from y1 and y2, respec-
tively, are also calculable analytically and unambiguously
from Eq.(7) via the arccos function. One obtains α1 and
α2, respectively, as upper limits in the integrals. It must
be α2 > α1. One should only precise that, of course, if it
were α2 from the interval (pi/2, α∞), then the first elliptic
integral itself should be given by a sum of two integrals:
In one integral the limits should be 0 and pi/2, and in the
second one the limits should be (pi−α2) and pi/2. Both in-
tegrals must give positive values. If it were also α1 > pi/2,
then one should proceed similarly in the second integral,
too. In any case, the integral I(ΩM , x0) is well obtainable
from standard elliptic integrals of the first kind.
3. Remarks
Integral in Eq.(5) is presented by Gradshteyn et al. (2007)
(formula 3.166.22). It should also be noted that in
Carroll et al. (1992) it is said that the integral of Eq.(2)
can also be solved analytically. In Paál et al. (1992) sim-
ilar efforts are done. But, on the other hand, we did not
find in the literature any note about this non-numerical in-
tegration of Eq.(2) using the elliptic integrals. Therefore,
we mean that the substitution given by Eqs.(7,8) is new
and original.
For the sake of completeness it should still be added
that integral of Eq.(4) can be solved also for ΩΛ < 0 and
ΩM > 1. One obtains (up to a constant) the formula
dy/
√
y(1− y3), which is also integrable (see the formula
3.166.23 of Gradshteyn et al. (2007)).
4. Conclusion
We have proven that the integral on the right-hand-side
of Eq.(2) can be solved also analytically using the elliptic
integral of the first kind.
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